In translation surfaces of finite area (corresponding to holomorphic differentials, directions of saddle connections are dense in the unit circle. On the contrary, saddle connections are fewer in translation surfaces with poles (corresponding to meromorphic differentials). The Cantor-Bendixson rank of their set of directions is a measure of descriptive set-theoretic complexity. Drawing on a previous work of David Aulicino, we prove a sharp upper bound that depends only on the genus of the underlying topological surface. The proof follows from a new geometric lemma stating that in a sequence of three nested invariant subsurfaces the genus of the third one is always bigger than the genus of the first one.
Introduction
In [2] , Bridgeland and Smith draw a connection between spaces of stability conditions on triangulated categories and moduli spaces of quadratic meromorphic differentials. Slopes of stable objects in triangulated categories correspond to directions of saddle connections for the flat structure defined by a meromorphic differential on a Riemann surface. They appear in counting BPS states of string theory, see [4] . The set of directions of saddle connections for a meromorphic quadratic differential crucially depends on the order of the singularities. It is well known (see [6] ) that when poles are at most simple, the flat surface is of finite area and the directions of saddle connections are dense in the unit circle. On the contrary, when there is at a pole of order at least two, then the flat surface is of infinite area and the set of directions of saddle connections is closed, see [1, 5] . In order to quantify the complexity of the set of directions of saddle connections, Aulicino introduces in [1] the Cantor-Bendixson rank of a meromorphic quadratic differential that is the smallest number of times the set of directions has to be derived to stabilize. For differentials that belong to a given stratum, the rank is bounded by the dimension of the stratum. Actually, the framework used by Aulicino is not exactly that of meromorphic differentials but rather holomorphic differentials with a slit. He considers only saddle connections that do not cross the slit. Up to easy surgeries, it is always possible to associate to a meromorphic differential a holomorphic differential with slits in such a way the set of directions of saddle connections is the same, see [1] . In this paper, we provide a sharp bound on the Cantor-Bendixson rank. The bound provided in [1] was the dimension 2g + n − 1 of a stratum H(a 1 , . . . , a n ) of holomorphic differentials with n zeroes and slits on a surface of genus g. Instead, the maximal rank is 2g, 2g + 1 or 2g + 2 depending on the number of zeroes and poles. It is a significant improvement in particular in principal strata (where the number n of zeroes is maximal).
Statement of main results
In the following, we denote by translation surface with pole a pair (X, φ) where X is a compact Riemann Surface of genus g and φ is a meromorphic 1-form whose singularities are of order a 1 , . . . , a n , −b 1 , . . . , −b p . Such pairs belong to strata H(a 1 , . . . , a n ,
We assume there are at least one zero and one pole in the meromorphic differential.
The meromorphic differential defines a flat metric on the surface punctured at the poles. The zeroes of the differential are the conical singularities of the metric, see Section 3 for details. Saddle connections are geodesic segments whose ends are conical singularities. We study the set Θ(X, φ) ⊂ S 1 of directions of saddle connections where S 1 is the unit circle.
We introduce the definition of Cantor-Bendixson rank used by Aulicino in [1] .
The derived set A ⋆ is the subset of A such that all isolated points of A are removed. We denote by A ⋆n the n th derived set of A.
The Cantor-Bendixson rank of a set A is the smallest non-negative integer n such that A ⋆n+1 = A ⋆n . The Cantor-Bendixson rank of a translation surface with poles is the Cantor-Bendixson rank of its set of directions of saddle connections Θ(X, φ).
The main result of the paper is a topological upper bound on the Cantor-Bendixson rank of the set of directions of saddle connections for a meromorphic differential of given genus. The equality case is realized by some surfaces constructed in [1] . Our main tool in proving Theorem 2.2 is Lemma 4.3 which states that in a sequence of three nested invariant subsurfaces, the genus always increases. This technical lemma can be used for general translation surfaces (and not only meromorphic differentials). Theorem 2.2. For a meromorphic differential of genus g, the Cantor-Bendixson rank of the set of directions of saddle connections is at most 2g + 2.
If the differential has at most one zero or at most one pole, the bound can be improved to 2g + 1. Furthermore, if the differential has exactly one zero and one pole, the bound can be improved to 2g.
The structure of the paper is the following: -In Section 3, we recall the background about translation surfaces: flat metric, saddle connections, moduli space, core, directional foliation. -In Section 4, drawing on an analysis of the relation between the Cantor-Bendixson rank and the topological complexity of invariant components, we prove the main theorem.
Translation structures defined by meromorphic differentials
3.1. Translation structures. Let X be a compact Riemann surface and let φ be a meromorphic 1-form, that is a differential of the kind f (z)dz. We denote by Λ the set of zeroes of φ and by ∆ the set of its poles.
Outside Λ and ∆, integration of φ gives local coordinates whose transition maps are of the type z → z + c. The pair (X, φ) seen as a compact surface with such an atlas is called a translation surface with poles.
In a neighborhood of a zero of order a > 0, the metric induced by φ admits a conical singularity of angle (1 + a)2π, see [6] for details.
Geometry of neighborhoods of poles is not useful in our study because saddle connections belong to the core of the translation surface which is precisely the complement of a union of neighborhoods of the poles.
Moduli space.
If (X, φ) and (X ′ , φ ′ ) are translation surfaces such that there is a biholomorphism f from X to X ′ such that φ is the pullback of φ ′ , then f is an isometry for the flat metrics defined by φ and φ ′ . We define the moduli space of meromorphic differentials as the space of equivalence classes of translation surfaces with poles (X, φ) up to biholomorphism preserving the differential. We denote by H k (a 1 , . . . , a n , −b 1 , . . . , −b p ) the stratum that corresponds to meromorphic 1-forms with singularities degrees a 1 , . . . , a n , −b 1 , . . . , −b p . The integer g is the genus of the underlying Riemann surface. For sake of simplicity we will use the term of strata of genus g to designate strata of differentials that exist only on surfaces of genus g. Definition 3.1. A saddle connection is a geodesic segment joining two conical singularities of the flat surface such that all interior points are not conical singularities.
We can associate homology classes of H 1 ( X \ ∆, Λ) to saddle connections. Two saddle connections are said to be parallel when their relative homology classes are linearly dependant over R. The holonomy vector of a saddle connection is the period of its relative homology class. Its direction is the argument of the period and its length is the modulus of the period. Strata are complex-analytic orbifolds with local coordinates given by the period map, see [2] .
3.3.
Core of a translation surface with poles. Nearly all of the geometry of a translation surface with poles is encompassed in a subsurface of finite area that is the convex hull of the conical singularities. This notion of core of a translation surface with poles was introduced in [3] and developed in [5] . Most foundational results about the core given in this subsection are proved in the latter paper. In [1] , Aulicino considers slit translation surfaces that are translation surfaces (of finite area) with distinguished cuts that play the role of the boundary of the core. For that reason, our foundational results agree.
is convex if and only if every element of any geodesic segment between two points of E belongs to E. The convex hull of a subset F of a translation surface with poles (X, φ) is the smallest closed convex subset of X containing F . The core of (X, φ) is the convex hull core(X) of the conical singularities Λ of the meromorphic differential. IC(X) is the interior of core(X) in X and ∂C(X) = core(X) \ IC(X) is its boundary.
The core separates the poles from each other. The following lemma shows that the complement of the core has as many connected components as there are poles. We refer to these connected components as domains of poles. It has been proved as Proposition 4.4 and Lemma 4.5 in [5] . Proposition 3.3. For translation surface with p poles (X, φ), ∂C(X) is a finite union of saddle connections. Moreover, X \ core(X) has p connected components. Each of them is a topological disk that contains a unique pole. Remark 3.4. We can define a Cantor-Bendixson rank for every connected component of the interior of the core of the surface. Since strata are decomposed into chambers depending on the topological map defined by the core, we can deduce specific optimal ranks for chambers.
3.4. Directional Foliation. Dynamics of translation surfaces with poles are different from the usual case because most trajectories go to infinity. The following proposition describes the invariant components of the directional foliation in a translation surface with poles. The following result has been proved as Proposition 5.5 in [5] .
Proposition 3.5. Let (X, φ) be a translation surface with poles. Cutting along all saddle connections sharing a given direction θ, we obtain finitely many connected components called invariant components. There are four types of invariant components: finite area cylinders where the leaves are periodic with the same period, minimal components of finite area where the foliation is minimal and whose dynamics are given by a nontrivial interval exchange map, infinite area cylinders bounding a simple pole and where the leaves are periodic with the same period, free components of infinite volume where generic leaves go from a pole to another or return to the same pole.
Finite area components belong to core(X).
A first step in the interpretation of the set Θ(X, φ) of directions of saddle connections in terms of invariant components is the following proposition, proved as Proposition 5.10 in [5] and Lemma 4.4 in [1] . Proposition 3.6. Let (X, φ) be a translation surface with poles. Then the directions of the waist curves of finite area cylinders and the directions of minimal components of (X, φ) are exactly the accumulation points of the set Θ(X, φ) of directions of saddle connections of (X, φ). In particular, Θ(X, φ) is closed in the unit circle S 1 .
Invariant components and Cantor-Bendixson rank
In this section, we consider only invariant components of finite area because they are those which contribute to the set of saddle connections (they belong to the core of the surface). For sake of simplicity, we use the term invariant component only in the case of invariant components of finite area. 4.1. ω-limit sets. In the following, we use the notion of ω-limit set to describe how a sequence of invariant components accumulates on another. This approach was already used by Aulicino in [1] . The following lemma corresponds to Lemma 7.2 and Lemma 7.3 in [1] . We reformulate its proof in the context of translation surfaces with poles.
Lemma 4.2. In a translation surface X, we consider a sequence (B k (θ k )) k∈N of invariant components of direction θ k where θ k −→ θ. Its ω-limit set Ω(B) is a union of invariant components that belong to the same direction θ. Moreover, there is a subsequence α such that any component B α(k) is included in Ω(B).
Proof. First, Ω is clearly a closed subset of core(X) that contains at least one conical singularity. At least one trajectory in direction θ starting from this singularity also belongs to Ω because it is contained in the closure of an infinite sequence of invariant components whose direction converges to θ. If the trajectory goes to a pole, we get a contradiction because such a trajectory would be stable under small perturbations and in the sequence there could not be invariant components whose direction would lie in a neighborhood of θ. Therefore, either the trajectory is critical (ends in another conical singularity) or it is minimal and accumulates on a minimal invariant component whose boundary is formed by saddle connections of direction θ. We proceed this way for every point of Ω. Therefore, Ω is a union of saddle connections and invariant components in direction θ. Following Proposition 3.5, there is only a finite number of invariant components in a given direction. Therefore, Ω is a finite union of invariant components. By contradiction, we assume there is a number N such that ∀n ≥ N , B n is not included in Ω. We consider a saddle connection σ of the boundary of Ω such that there is a subsequence β such that every component B β(n) crosses σ. We also assume θ β(n) converges monotonically to θ. Saddle connection σ goes from a conical singularity z 0 to another conical singularity z 1 . We assume σ is a left boundary of Ω. Turning clockwise around z 1 with an angle of π, we get another direction that belongs to the closure of components B β(n) . Using the same argument as previously, we show that this direction is either minimal or critical. In the first case, we get another component in direction θ that would necessarily belong to Ω and that would be located precisely at the left of σ. Therefore, the direction is critical. We get a saddle connection from z 1 to another saddle connection z 2 . Turning clockwise around z 2 with an angle of π, we get another direction to which we can apply the same reasoning. This process ends with a cyclic chain of saddle connections bounding a cylinder whose periodic geodesics belong to direction θ. We choose a closed geodesic γ of the cylinder. It is crossed by every component B β(n) . There is at least one point z of γ such that any neighborhood of z intersects an infinite number of components B β(n) . Such a point z thus belongs to Ω and the whole cylinder is included in Ω too. This contradicts the hypothesis. Therefore, there is always an infinite number of components of the sequence that always remain in Ω.
Topological upper bound.
We first prove that in a sequence of inclusions of three invariant subsurfaces (union of invariant components in the same direction), the genus should increase. The intuitive idea is that between two invariant subsurfaces, there is the gluing of a pair of pants. This operation may either increase the genus or the number of connected components (depending on the way the pair of pants is glued). We prove that two consecutive such operations always increase the genus at least one time.
Lemma 4.3. In a translation surface with three invariant subsurfaces A ⊂ B ⊂ C such that θ A = θ B and θ B = θ C , the genus g C of C is strictly bigger than the genus g A of A.
Proof. Since we have clearly g A ≤ g B ≤ g C , we just have to deduce a contradiction from g A = g B = g C . First, we consider the symmetric difference B∆C. Each of its connected components is a genus zero surface with some boundary components that belong either to θ B or θ C . Since g B = g C , there is only one boundary component of B in each connected component of B∆C. Otherwise, we would be able to cut along a closed loop in B∆C without rendering C disconnected. This would imply g C > g B . For any connected component D of B∆C, the sum of the holonomy vectors of the boundary saddle connections of D is zero. Since the arguments of these holonomy vectors are either θ B or θ C , we can deduce that the sum of the holonomy vectors in each direction is zero. Therefore, the sum of the holonomy vectors of the unique boundary component of D related to B is zero. Then, we consider the symmetric difference A∆B. For the same reasons as previously, there is only one boundary component of A in each connected component of A∆B. The sum of the holonomy vectors of this boundary component is zero. Moreover, we just proved that the sum of the holonomy vectors of the boundary components related to C were also zero. Therefore, the connected components of A∆B are genus zero surfaces where the holonomy of loops around every boundary component is zero. Consequently, there is a well-defined antiderivative of the meromorphic differential in A∆B. Following Proposition 3.5, there is no periodic nor minimal leaves in the directional foliation on A∆B in direction θ B . Indeed, periodic trajectories would have a period equal to zero and minimal trajectories are forbidden in genus zero. Therefore, any generic leaf γ starts from the boundary of A and finally leaves A∆B through the same boundary component. The holonomy vector of γ belongs to direction θ B . However, since the differential is exact, it only depends on the ends of the segment. Therefore, it also belongs to direction θ A .
Here is the contradiction.
The upper bound proved in [1] relies on a proof by induction that directions that belong to the (k − 1) th derived set of directions of saddle connections of a translation surface with poles are directions of invariant components whose complex dimension of the deformation space is at least k. We directly use the genus as measure of complexity of invariant components.
Proposition 4.4. In a translation surface with poles (X, φ), every element of Θ(X, φ) ⋆(k−1) is the direction of an invariant subsurface of genus at least k−2 2 . If the genus of the subsurface is exactly k−2 2 , then its boundary has at least two connected components.
Proof. We proceed by double induction on k. Every element of Θ(X, φ) ⋆ is the direction of an invariant component (Proposition 3.6). If it is a minimal component, its genus is at least one. If it is a cylinder, it has exactly two boundary components so the proposition holds for k = 2. Every element of Θ(X, φ) ⋆⋆ is the direction of an invariant subsurface that is the ω-set of a sequence of invariant components (Lemma 4.2). Therefore, we have two invariant subsurfaces A ⊂ B. If the genus of B is at least one, the proposition is proved. If B has genus zero, then A is also a subsurface of genus zero. They are both formed by cylinders. Without loss of generality, we can assume that A is a cylinder. This implies that waist curves of A are also waist curves of B. They belong to the same direction which is impossible. Therefore, the proposition holds for k = 3.
By induction, we assume the proposition holds for k < 2m + 2. Following Lemma 4.2, every element of Θ(X, φ) ⋆(2m+1) is the ω-set of a sequence of invariant components whose directions lie in Θ(X, φ) ⋆(2m) . For the same reasons, these invariant components are ωsets of other sequences of invariant components in Θ(X, φ) ⋆(2m−1) . Consequently, we have three invariant components A ⊂ B ⊂ C whose direction is respectively in Θ(X, φ) ⋆(2m−1) , Θ(X, φ) ⋆(2m) and Θ(X, φ) ⋆(2m+1) . The genus of A is at least m − 1 and the genus of B is at least m. Therefore, the genus of C is at least m. If the genus of A is exactly m, then the symmetric difference B∆C is formed by connected components of genus zero, one for each boundary component of B (otherwise the genus of C should be higher than that of B). Since these components are not annuli, C has several boundary components. The proposition holds for k = 2m + 2 Then, we assume by induction the proposition holds for k ≤ 2m + 2. Following Lemma 4.2, every element of Θ(X, φ) ⋆(2m+2) is the ω-set of a sequence of invariant components whose directions lie in Θ(X, φ) ⋆(2m+1) . Similarly, we have three invariant components A ⊂ B ⊂ C whose direction is respectively in Θ(X, φ) ⋆(2m) , Θ(X, φ) ⋆(2m+1) and Θ(X, φ) ⋆(2m+2) .
The genus of both A and B is at least m. Therefore, the genus of C is at least m + 1 (Lemma 4.3) . This ends the proof. Now we are able to prove the main theorem of the paper: the topological bounds on the descriptive set-theoretic complexity of the set of directions of saddle connections.
Proof of Theorem 2.2. Following Proposition 4.4, every element of Θ(X, φ) ⋆(k−1) is the direction of an invariant subsurface of genus g ′ ≥ k−1 2 . Since g ′ cannot be bigger than the genus g of the whole surface, Θ(X, φ) ⋆(k−1) is empty if k > 2g + 1. Thus, the sequence of derived sets stabilizes and the Cantor-Bendixson rank of (X, φ) is at most 2g + 2. If the Cantor-Bendixson rank of a meromorphic differential is exactly 2g + 2, then then Θ(X, φ) ⋆(2g+1) is nonempty and there is an invariant subsurface A of genus g with at least two boundary components. The symmetric difference A∆X is formed by several genus zero surfaces with exactly one boundary component formed by saddle connections in direction θ A . Since these topological disks are also invariant in this direction and there is no such translation surfaces, they contain poles and at least one conical singularity. Therefore, the meromorphic differential should contain at least two zeroes and two poles. If the Cantor-Bendixson rank of a translation surface with poles is exactly 2g + 1, then for the same reasons there is an invariant subsurface A of genus g. The symmetric difference A∆X is formed by at least one topological disk. If the meromorphic differential has only one pole and one zero, then A∆X is just a topological disk whose boundary has a total holonomy equal to zero (the residue of the unique pole is zero). Therefore, there should be at least two different conical singularities otherwise there would not be any saddle connection in the boundary of the disk (their period would automatically be zero). Therefore, there are at least three distinct singularities. As a consequence of the above, if n = p = 1, then the Cantor-Bendixson rank of the meromorphic differential is at most 2g.
In [1] , Aulicino already constructed families of square-tiled translation surfaces with slits. They are invariant components nested in each other. These examples show that the bound of this paper is sharp for a given genus.
